
PHYSICAL REVIEW E, VOLUME 63, 036502
Simulation and design of stable channel-guided laser wakefield accelerators
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Most laser wakefield accelerator~LWFA! experiments to date have operated in the self-modulated~SM!
regime and have been self-guided. A channel-guided LWFA operating in the standard or resonant regime is
expected to offer the possibility of high electron energy gain and high accelerating gradients without the
instabilities and poor electron beam quality associated with the SM regime. Plasma channels such as those
produced by a capillary discharge have demonstrated guiding of intense laser pulses over distances of several
centimeters. Optimizing the performance in a resonant LWFA constrains the on-axis plasma density in the
channel to a relatively narrow range. A scaling model is presented that quantifies resonant LFWA performance
in terms of the maximum accelerating gradient, dephasing length, and dephasing-limited energy gain. These
performance quantities are expressed in terms of laser and channel experimental parameters, clearly illustrating
some of the tradeoffs in the choice of parameters. The predicted energy gain in this model is generally lower
than that indicated by simpler scaling models. Simulations agree well with the scaling model in both low and
high plasma density regimes. Simulations of a channel-guided, self-modulated LWFA are also presented.
Compared with the resonant LWFA regime, the requirements on laser and channel parameters in the SM
regime are easier to achieve, and a channel-guided SM-LWFA is likely to be less unstable than a self-guided
SM-LWFA.
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I. INTRODUCTION

Plasma-based accelerators such as the laser wakefiel
celerator~LWFA! have demonstrated very large accelerat
gradients and acceleration of electrons@1–6# to high ener-
gies. In the LFWA, the laser produces a large amplitu
plasma wave that moves with the laser pulse and traps
accelerates electrons. The wavelength of the plasma wa
near the plasma wavelengthlp52pc/vp , where the plasma
frequencyvp5(4pne2/m)1/2, n is the plasma density, ande
andm are the electron charge and mass. The plasma de
may vary both temporally and spatially, solp is usually
calculated based on a nominal on-axis densityn0 . The origi-
nal resonant or ‘‘standard’’ laser wakefield accelerator c
cept @7–10# generally requires the pulse lengthctL to be
shorter than the nominal plasma wavelength. However, m
LWFA experiments to date@1–6# have operated in the highl
unstable self-modulated regime wherectL@lp , and relativ-
istic focusing@10–14# plays an important role.

Unless the laser beam can be optically guided, the be
will expand quickly due to diffraction. The characteristic di
tance for the beam to expand due to diffraction is the R
leigh lengthZR , given by

ZR5pr 0
2/l, ~1!

where r 0 is the radius of the laser beam at the focus. F
typical LWFA parameters, diffraction results in a short inte
action length that severely limits the energy gain. For
ample, a recentunguidedresonant LWFA experiment@15#
produced an energy gain of 1.6 MeV, which is far below th
observed in the self-modulated experiments@1–6#.
1063-651X/2001/63~3!/036502~13!/$15.00 63 0365
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Preformed plasma channels, such as those produced b
axicon-focused laser@16–22#, a capillary discharge@23–30#,
or an intense self-guided laser pulse@31#, have demonstrated
refractive guiding of intense laser pulses over distances
several centimeters. In general, refractive guiding of opti
pulses can occur when the index of refractionh peaks on
axis. The index of refraction may include contributions fro
a number of sources, including relativistic@10–14# and
atomic @32# self-focusing, preexisting plasma@16–30#, and
laser-produced plasma@25,28,32–35#. A plasma column
with a density variationn(r ) introduces a refractive index
changeDh(r )'2vp

2(r )/2v0
2, where the plasma frequenc

vp(r )5@4pn(r )e2/m#1/2, r is the distance from the axis o
the plasma column, andv052pc/l is the laser angular fre
quency. A plasma column or channel with a density mi
mum on axis has]h/]r ,0 and thus produces the desire
refractive index profile for guiding.

In the self-modulated laser wakefield accelerator~SM-
LWFA! regime, the laser pulse length is much longer th
the wavelength of the plasma wave, and the peak laser po
P0 exceeds the critical relativistic focusing powerPr @10–
14#. The critical power in terawatts is given byPr (TW)
50.017(lp /l)2, wherel is the laser wavelength. The lase
pulse is highly unstable, with Raman forward scattering a
self-modulation leading to a large amplitude plasma wa
that can accelerate electrons to high energies@1–6,12,13,36–
39#. Relativistic focusing and ponderomotive expulsion
plasma electrons from the axis provide guiding of the pu
over several Rayleigh lengths@12,13,40#. Experiments have
also shown that electrons may be trapped and acceler
directly from the laser-produced plasma without external
jection @1–6,38,39#. The high plasma density (n0
;1019cm23) results in very high accelerating gradien
©2001 The American Physical Society02-1
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~.10 GV/m! when the pulse is strongly modulated. A
though electron energies above 100 MeV have been repo
in some SM-LWFA experiments@4,6#, this method is highly
unstable and generally produces a poor quality beam wi
large energy spread, and thus is likely not to be suitable f
practical accelerator.

This paper presents results on intense laser pulse pr
gation in plasma channels and assesses the implication
future channel-guided laser wakefield accelerator exp
ments. A channel-guided LWFA operating in the standard
resonant regime is expected to offer the possibility of h
electron energy gain and high accelerating gradients with
the instabilities and poor beam quality associated with
self-guided, self-modulated regime. A general analyti
scaling model is presented that provides a direct predic
of various LWFA performance quantities in terms of expe
mental parameters for the laser pulse and plasma cha
Simulations using theLEM ~laser electromagnetic! code de-
veloped by Krallet al. @12# and by Sprangleet al. @13# are
also presented. LEM is a two-dimensional~2D! axisymmet-
ric simulation code that calculates the laser field and plas
response in a frame moving with the pulse. The code u
the quasistatic approximation and is similar to theWAKE

code developed by Antonsen and Mora@41,42#.
Section II discusses the basic issues for laser propaga

in a preformed density channel. This section includes a
view of the standard envelope equation theory, recent exp
mental results, and simulation. A density channel produ
by a capillary discharge provides the guiding in the expe
ments. This technique was pioneered by Zigler and
workers @23–28#. The experimental results presented he
employed a glass laser withtL5400 fs,l51.06mm, andP0

up to 2.5 TW.
Section III presents an analytical scaling model that c

be used to predict the performance of a channel-guided l
wakefield accelerator. The model characterizes LWFA p
formance based on the maximum accelerating gradientEm ,
the dephasing lengthLd , and the single stage dephasin
limited energyWd . The model is cast in terms of six primar
experimental parameters:~1! the peak laser powerP0 , ~2!
the laser pulse durationtL , ~3! the laser wavelengthl, ~4!
the resonance ratioa r[ctL /lp , ~5! the channel radiusr ch,
and~6! the relative channel depthDn/n0 . The matched lase
spot sizer M , plasma wavelengthlp , and laser strength pa
rametera0 are also expressed in terms of these primary
rameters. The model is restricted to the resonant reg
wherea r,1, and makes thead hocassumption that the pea
axial fieldEm scales asEm;aE sinpar , with aE'0.8. This
form is suggested by one-dimensional numerical calculati
by Sprangleet al. @43# and by Esareyet al. @44# and by two-
dimensionalLEM results reported by Hubbard, Sprangle, a
Hafizi @45#.

Calculations based on this scaling model are also p
sented in Sec. III. In this analysis, one of the six prima
parameters is varied while the others are held fixed. Sincea r
should be;0.5 to maximize the accelerating gradient, t
choice of laser pulse lengthtL constrains the on-axis densit
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to a relatively narrow range and thus has a substantial im
on the choice of channel parameters and LWFA performa
quantities.

Section IV presents simulation results for channel-guid
laser wakefield accelerators and includes comparisons
the analytical LWFA performance model. Also included a
simulations of channel guiding in longer pulse systems (a r
@1) that exhibit self-modulation@46#. The channel-guided
self-modulated LWFA retains the high accelerating gradie
while exhibiting less instability. Results are summarized
Section V.

II. LASER PROPAGATION IN DENSITY CHANNELS

A. Theory of laser spot size evolution in density channels

Laser propagation in a refractive medium can often
described theoretically using an envelope equation form
ism @32,47–49# describing the evolution of the spot sizer L .
A matched~constant spot size! optical beam can occur if the
diffraction term is balanced by the refraction term. In t
analysis presented here, the laser pulse is assumed to h
Gaussian radial profile, so that the laser pulse electric fi
EL and vector potentialAL scale as exp(2r2/rL

2). The laser
amplitude is expressed in terms of the normalized vec
potentiala5euALu/mc2.

If one includes only the contribution from a parabol
density channel profilen(r )5n01Dnr2/r ch

2 , wherer ch is the
channel radius, then the equilibrium or matched beam rad
is @10,12#

r M5~r ch
2 /pr eDn!1/4, ~2!

wherer e5e2/mc2 is the classical electron radius. The rad
profiles for the normalized vector potentiala(r ) and plasma
density n(r ) are shown in Fig. 1 for an example wit
Dn/n052 and r ch/r M53. The choice ofr ch is somewhat
arbitrary in practice since the behavior of the laser pulse
insensitive ton(r ) for r @r M . Figure 1 showsn(r ) to be
constant forr .r ch.

FIG. 1. Idealized radial profiles for the vector potentiala(r ) and
plasma densityn(r ) for a plasma channel with normalized densi
Dn/n052 and normalized channel radiusr ch/r M53.
2-2
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SIMULATION AND DESIGN OF STABLE CHANNEL- . . . PHYSICAL REVIEW E 63 036502
If the focused radiusr 0 is near the matched beam radi
r M , so thatur 02r Mu!r M , then the spot sizer L(z) under-
goes envelope oscillations with a period

le5pZM5p2r M
2 /l. ~3!

HereZM5pr M
2 /l is the Rayleigh length associated with th

matched beam radius.

B. Simulation of laser guiding in plasma channels

Propagation of laser pulses in plasma channels has
studied with theLEM simulation code. The code was initiall
developed by Sprangleet al. @13# and by Krallet al. @12# and
is described more fully in the Appendix.LEM is a two-
dimensional axisymmetric simulation that calculates la
fields and plasma response in a frame moving with the p
at the speed of light. The independent variables in the si
lation arer, z5z2ct, andt5t, and the code employs th
quasistatic approximation and separation of slow and
time and spatial scales. For convenience, simulation qua
ties are expressed in terms ofz rather thanct since the
quasistatic approximation is employed, andz>ct for diag-
nostics purposes.

Figure 2 shows an example of output from two simu
tions with parameters similar to those in the experiment
scribed in Sec. II C and illustrates the basic behavior of
laser pulse in the capillary plasma channel. The laser puls
injected in vacuum atz50 and focused onto the front of th
channel. The figure plots the laser spot sizer L(z) at a refer-
ence pointz* (z) that moves at the nominal group velocity
the pulse. Bothr L(z) andz* (z) are more precisely define
in the Appendix. The laser pulse parameters arel51 mm,
pulse lengthtL5400 fs, focal spot sizer 0515mm, and peak
powerP050.035 TW~solid line! and 0.75 TW~dashed line!.
The plasma channel is 2 cm long, with channel entranc
z50.25 cm, channel radiusr ch5150mm, peak on-axis den

FIG. 2. An example of output from a typical simulation wit
parameters similar to those in the experiment. The figure plots
laser spot sizer L(z) at the reference pointz* (z) from the simula-
tion. The laser pulse parameters arel51.0mm, tL5400 fs, r 0

515mm, and P050.035 TW ~solid line! and 0.75 TW~dashed
line!. The plasma channel is 2 cm long, with channel entranc
z50.25 cm, r ch5150mm, n05531018 cm23, and Dn56
31018 cm23.
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sity n05531018cm23, and channel depth Dn56
31018cm23. The channel density ramps up and down li
early over a distance of 0.1 cm.

As expected,r L oscillates about an equilibrium value i
the channel and expands rapidly once the laser pulse e
the channel. The equilibrium radiusr Ms in the low power
~0.035 TW! simulation, based on an average ofr L(z) over
the three oscillations, is 29.9mm, while the analytical value
for r M based on Eq.~2! is 25.5mm. The higher power simu-
lation ~dashed line! has a slightly lower value,r Ms
528.0mm. This is probably due to moderate relativistic f
cusing effects. The oscillation wavelengthle based on Eq.
~3! is 0.642 cm, while the simulation valueles50.646 cm. A
more extensive comparison of simulation and analytical v
ues forr M andle has been reported previously@28#.

The two simulations have substantial differences that
not apparent in Fig. 2. The high power~0.75 TW! simulation
exhibits self-modulation within the pulse. For a given val
of z, the spot sizer L(z) oscillates in the tail of the pulse, an
the amplitude of these oscillations increases withz. The
wavelength of oscillations inr L(z) and other slow time scale
quantities such as the axial electric fieldEz is close to the
plasma wavelengthlp . Self-modulation in density channel
is discussed in more detail in Sec. IV C.

The simulations exhibit a number of phenomena that
not contained in the simple envelope model. For exam
the pulse may be distorted due to finite pulse length effe
@28,34,50–53#, which also cause growth and damping of o
cillations in r L(z) in different potions of the pulse. Puls
distortion and self-steepening due to relativistic modulat
effects may also occur@44,54,55#. Further ionization by the
intense laser pulse may produce additional plasma near
axis which can interfere with the propagation of the pu
@25,28,35#.

C. Experiments on laser guiding in capillary discharge plasma
channels

A capillary discharge provides a simple, controllab
method for generating a narrow plasma column suitable
laser guiding. In its simplest form, the device consists o
thin cylinder of insulating material such as polyethylene w
high voltage electrodes at the ends. The plasma is gener
from material ablated from the inner insulating wall of th
capillary. The formation of a density minimum on axis h
been confirmed experimentally from Stark broadening m
surements@25,26#. The radiusr ch where the density is at its
maximum value is typically 50–70 % of the wall radiusr w .

The laser guiding experiments reported by Zigleret al.
@23# and by Ehrlichet al. @24,25# utilized a linearly polarized
Ti: sapphire laser with a 100 fs long pulse at 0.8mm wave-
length and a pulse energy of up to 10 mJ. The pulses w
focused onto the entrance of the capillary with a focused s
size of 15mm. Experiments with 1 cm long cylindrical cap
illaries @24# demonstrated transport efficiencies of up to 85
in both straight and curved configurations. Laser guiding
periments were also performed in 2, 3, and 6.6 cm lo
capillaries @25#. Kaganovich et al. @26,27# have used a
double capillary configuration, which reduces timing jitt

e

at
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R. F. HUBBARD et al. PHYSICAL REVIEW E 63 036502
and allows more control over the plasma density profile
Guiding experiments were also carried out using the N

T3 laser. The 1.06mm wavelength, 400 fs long pulse wa
focused onto the entrance of the capillary with an initial s
sizer 0515mm. The delay time between the initiation of th
discharge and the firing of the laser pulse was varied to
timize transport of the pulse. The experimental setup is
scribed in Ref.@27#.

Figure 3 shows plots of the image intensity taken from
lineout of charge-coupled device~CCD! images for guided
and unguided laser pulses. The laser in this case had 5
of pulse energy and an initial focused intensity
1016W/cm2. In the unguided case, the laser pulse go
through the double capillary, but the discharge is not tr
gered. The image appears to fill the 250mm radius capillary.
In the guided case, the capillary is triggered to produce
desired plasma channel.

The guided case has a well-defined narrow peak near
axis, corresponding to a Gaussian spot sizer L;25mm. This
is based on the spatial width of the pulse at the point wh
the intensity relative to the baseline drops bye22. If the
channel density peaks atr ch5150mm, then a matched radiu
r M525mm corresponds to a channel depthDn53
31018cm23, which is typical ofDn values obtained from
Stark broadening. The unguided case exhibits relatively u
form intensity across the capillary.

The energy transfer efficiency for the guided example
70%, as measured by the laser energy meter. Efficient tr
fer at higher laser power was also observed and is repo
elsewhere@27#. The unguided case showed;20% transfer
efficiency, and may be enhanced by ablation of wall mate
by the laser itself, forming a reflective layer or shallo
plasma channel near the wall that provides a weak guid
effect @27#. Guiding from laser-generated plasma from t
walls of a capillary or narrow tube has been observed i

FIG. 3. Plot of the image intensity taken from a lineout of CC
images from a capillary discharge guiding experiment. The gui
~discharge-triggered! case has a well-defined narrow peak near
axis, corresponding to a Gaussian spot sizer L;25mm. The un-
guided ~no discharge! case has much lower peak intensity and
relatively uniform.
03650
L

t

p-
e-

a

mJ

s
-

e

he

re

i-

s
s-

ed

l

g

a

number of experiments, including those of Jackelet al. @56#
and Korobkinet al. @57#.

III. ANALYTICAL SCALING OF CHANNEL-GUIDED
LWFA PERFORMANCE

A. Model description and assumptions

The channel-guiding experiments and simulations
scribed in the previous section all involved pulse lengths t
greatly exceeded the plasma wavelength. If the chan
plasma density is reduced, or the pulse length is shortene
thatctL,lp , the requirements for a resonant or ‘‘standard
laser wakefield accelerator may be satisfied. The inte
pulse may produce a large amplitude plasma wake capab
accelerating electrons to high energy in a single stage. T
section describes an analytical model that predicts the
formance of a channel-guided resonant LWFA in terms
experimental parameters and illustrates some of the trade
in the choice of laser and channel parameters.

1. Choice of primary experimental parameters and performanc
quantities

The model characterizes the performance of a laser wa
field accelerator by three quantities. The first is the ma
mum accelerating gradientEm . High accelerating gradient is
clearly desirable for reducing the overall length of the acc
erator. A second performance quantity is the dephas
lengthLd . This distance determines how long an accelera
electron can remain in phase with the accelerating field w
out slipping into a decelerating or defocusing part of t
wakefield. The quantitiesEm andLd together determine the
single stage dephasing-limited energyWd . Other perfor-
mance criteria such as particles per beam bunch, beam
ergy spread, or beam emittance are also important for s
applications but are not considered in this analysis.

These three quantities (Em ,Ld ,Wd) are usually expresse
in analytical models in terms of physical parameters such
the peak laser strength parametera0 and the laser and plasm
wavelengthsl and lp without consideration of the linkage
between laser and channel parameters. For example, f
given laser power and plasma channel density,Em is opti-
mized for a relatively narrow range of laser pulse lengths
addition, the matched radiusr M is determined entirely by the
channel parameters and is generally much larger than
minimum spot sizer 0* to which the laser pulse can be fo
cused.

The model described below casts the three performa
parameters (Em ,Ld ,Wd) in terms of six primary experimen
tal parameters. These parameters are~1! the peak laser powe
P0 , ~2! the laser pulse durationtL , ~3! the laser wavelength
l, ~4! the resonance ratioa r[ctL /lp , ~5! the channel ra-
dius r ch, and~6! the relative channel depthDn/n0 . The on-
axis densityn0 is thus determined by the pulse length and t
resonance ratio. The matched laser spot sizer M , plasma
wavelengthlp , and peak laser strength parametera0 may
also be expressed in terms of these primary parameters.
model contains an additional free parameteraE , which
scales the peak electric field.

d
e
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2. LWFA performance model assumptions

The model assumes a linearly polarized laser pulse wi
Gaussian radial profile, as described in Sec. II A. The ch
nel has a parabolic density profile given byn(r )5n0

1Dnr2/r ch
2 . The channel parameters are assumed to be

dependent of the axial coordinatez, and laser-induced ion
ization is neglected. The pulse is assumed to propagate a
matched radiusr M given by Eq. ~2!, which is calculated
based on the laser pulse length and channel parametersa r ,
r ch, andDn/n0 . The peak laser strength parameter is th
determined by the peak power, laser wavelength,
matched radius. The pulse durationtL is based on the full
width at half maximum extent of the pulse intensity. Wi
this definition, the maximum accelerating field is obtain
whenctp'lp/2, or a r'0.5.

Dephasing occurs because an electron moving at a
velocityvz'c will eventually slip out of the accelerating an
focusing portion of the wakefield due to the difference b
tween the particle velocity and the wake phase velocity. T
phase velocitybpc of the wake is approximately equal to th
group velocitybgc of the laser pulse in the plasma chann
If one includes the finite spot size correction to the group a
phase velocities@34,45,50–53# and neglects other contribu
tions, then the wake phase velocity is

bp512l2/2lp
22l2/2p2r M

2 . ~4!

The normalized slippage rate relative to a particle moving
c is Dbp512bp , and is appropriate when the relativist
factor ge associated with the particle, averaged over the
celeration cycle, is much greater thangp5(12bp

2)21/2.
Dephasing is assumed to occur when the wake slips b
distancelp/4. The factor of 4 arises because, although o
half of the wake cycle has an accelerating electric field, e
trons on the second half of the accelerating cycle experie
a defocusing radial electric field that expels them from
channel. The dephasing distanceLd is therefore

Ld5lp/4~12bp!5lp/4Dbp . ~5!

If the spot size contribution in Eq.~4! is neglected, one
may define the uncorrected laser pulse group velocity~and
wake phase velocity! bg0512l2/2lp

2. In this case, the un
corrected dephasing length isLd05lp

3/2l2, and the phase
velocity relativistic factor isgp5lp /l. However, the spot
size correction is frequently important in the regime for LW
FAs. The effect is to increase the slippage rate by a fa
(11as), where

as5lp
2/p2r M

2 . ~6!

This effect reduces the dephasing length and the depha
limited energy gain. The simple scaling is also modified b
nonlinear correction to the peak electric field that scales
(11a0

2)21/2. This correction is retained in the full version o
the model discussed below.LEM simulations confirm the
importance of retaining both correction terms@45#.
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B. Derivation of scaling model

1. Derived laser and plasma parameters

The derived laser and plasma parameters include
plasma wavelengthlp , the corresponding on-axis densi
n0 , the matched laser spot sizer M , and the laser strength
parametera0 associated with the peak laser power a
matched spot size. In this section, these three parameter
expressed in terms of the primary experimental parame
described above. The parameters are expressed in a form
illustrates the scaling with experimental parameters, and c
stant coefficients are expressed in cgs units.

Since the resonance ratioa r characterizing the ratio of the
pulse length to the plasma wavelength isa r[ctL /lp , the
plasma wavelengthlp5ctL /a r , and the on-axis density is

n05S pm

e2 D a r
2

tL
2 51.241310283

a r
2

tL
2 . ~7!

In terms of the primary parameters, the~squared! matched
spot sizer M

2 is given by

r M
2 5S c

p D r chtL

a r~Dn/n0!1/259.5433109
r chtL

a r~Dn/n0!1/2. ~8!

From this scaling, it is apparent that long pulse length te
to increase the spot size. Although the matched radius g
in Eq. ~3! is independent of the on-axis densityn0 , there are
practical limits on how large the normalized channel de
Dn/n0 can be. Most current experiments haveDn/n0,1, but
normalized channel depths of 5–10 are likely to be poss
in the future. In addition,r ch should be at least a factor of
larger thanr M so that the outer edges of the beam do not le
out of the channel.

The squared laser strength parametera0
2 is proportional to

the peak intensityI 0 and is

a0
25

2e2l2I 0

pm2c5 5
4e2l2P0

p2m2c5r M
2 , ~9!

whereI 052P0 /pr M
2 for the matched beam radius. In term

of the primary parameters,

a0
25S 4e2

pm2c6D l2P0a r~Dn/n0!1/2

r chtL

54.785310228
l2P0a r~Dn/n0!1/2

r chtL
. ~10!

The scaling ofa0
2 with l2P0 has been noted previously@44#.

The remaining scaling withtL , a r , and channel parameter
is due to the effect of these parameters on the matched
size.

2. LWFA performance quantities

The scaling of the derived laser and plasma parame
described above may be incorporated into analytical e
mates of the three performance quantitiesEm , Ld , andWd .
2-5
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R. F. HUBBARD et al. PHYSICAL REVIEW E 63 036502
In all three cases, the simple scaling assuminga0
2!1 and

r M
2 @lp

2/p2 is presented first, followed by the more gene
scaling.

The accelerating electric field in a LWFA scales with t
characteristic field

E05mcvp0 /e. ~11!

This quantity is the usual one-dimensional nonrelativis
wave-breaking field. It is often assumed that in the line
regime (a0

2!1) the peak field for a pulse length near t
resonant point (a r'0.5) is given byEm0* '(a0

2/2)E0 . The
actual dependence on pulse length is more complica
Based on numerical solutions to the one-dimensional Pois
equation, Sprangleet al. @43# and Esareyet al. @44# have
shown that the peak field is typically 0.8Em0* (11a0

2/2)21/2.
For ctL,lp , the variation ofEm with pulse length re-
sembles a sine curve peaked nearctp5lp/2 @43–45#. For
this reason, we assume that the uncorrected~small a0! peak
electric field can be approximated by

Em05aE sin~pa r !Em0* 5aE sin~pa r !~a0
2/2!E0 , ~12!

with the scaling factoraE'0.8. The corrected peak fieldEm
is

Em5
Em0

~11a0
2/2!1/2. ~13!

Equation~12! may be rewritten in terms of the primar
parameters by noting thatvp052pa r /tL . Equation~12! for
the uncorrected peak field becomes

Em05S 4e

mc5D aEa r
2l2P0~Dn/n0!1/2sinpa r

r chtL
2

58.71310235
aEa r

2l2P0~Dn/n0!1/2sinpa r

r chtL
2 .

~14!

The high intensity correction may be applied using Eq.~13!
to obtainEm .

As noted in Sec. III A 2, the uncorrected~large spot size!
dephasing distance isLd05lp

3/2l2. In terms of the primary
parameters, this distance is

Ld05S c3

2 D tL
3

a r
3l2 51.35310231

tL
3

a r
3l2 . ~15!

Applying the spot size correction gives

Ld5Ld0 /~11as!. ~16!

Finally, the dephasing-limited energyWd is obtained by
averaging the electric field over the quarter-cycle dephas
distance. In the linear regime, the wakefield is sinusoidal
the average accelerating field^Ez0&52Em0 /p. This leads to
the usual dephasing limit on energy with relativistic fac
gd0 given by
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gd052~Em0 /E0!~lp
2/l2!. ~17!

In terms of the primary experimental parameters, the unc
rected energy gain is

gd05S 4e2

pm2c4D aEP0tL~Dn/n0!1/2sinpa r

r cha r

54.3831027
aEP0tL~Dn/n0!1/2sinpa r

r cha r
. ~18!

Applying the finite spot size correction to the dephasi
length and the high intensity correction to the electric fie
one obtains

gd5
gd0

~11as!~11a0
2/2!1/2. ~19!

In the limit gd@1, the dephasing-limited energy isWd
5mc2gd .

C. LWFA performance model results

The model described in the previous section may be u
to predict LWFA performance over a wide range of expe
mental parameters. To illustrate the scaling, one of the
primary parameters (P0 ,tL ,l,a r ,r ch,Dn/n0) may be varied
while the others are held fixed. The derived parametersn0 ,
r M , anda0 are calculated from Eqs.~7!, ~8!, and~10!. Equa-
tions ~13! and~14! determine the peak accelerating fieldEm .
Equations~15! and ~16! give the dephasing lengthLd , in-
cluding the spot size correction, and Eqs.~18! and ~19! de-
termine the dephasing-limited energy gaingd or Wd . In all
of the examples below, the electric field scale parame
aE50.8.

1. Scaling with pulse lengthtL

The pulse lengthtL has a substantial impact on the choi
of channel parameters, and thus LWFA performance. I
not easy to change this quantity in most laser systems. Fig
4 plots the derived parametersn0 , r M , anda0 versus pulse
length tL for a typical Ti:sapphire system withP0

FIG. 4. Derived laser and plasma parametersn0 , r M , and a0

versus pulse lengthtL for a typical Ti:sapphire system withP0

520 TW, l50.8mm, a r50.5, r ch5100mm, andDn/n055.
2-6
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520 TW, l50.8mm, a r50.5, r ch5100mm, and Dn/n0

55. The on-axis densityn0 scales astL
22 and thus drops

dramatically as the pulse length is increased. The on-
density exceeds 1018cm23 for extremely short~;50 fs!
pulses and is two orders of magnitude lower for a 500
pulse. Since the normalized channel depthDn/n0 is held
constant, the spot sizer M is proportional totL

1/2 and thus
increases slowly with pulse length. The resulting decreas
intensity is reflected in thetL

21/2 scaling of the laser strengt
parametera0 .

Figure 5 plots the performance quantitiesEm , Ld , and
Wd versustL for the case shown in Fig. 4. The prima
scaling of the peak accelerating fieldEm with pulse length is
tL

22. Thus, accelerating gradients are much higher w
shorter pulse lengths. This scaling is modified slightly by
relativistic (11a0

2/2)21/2 correction in Eq.~13!. The uncor-
rected dephasing lengthLd0 scales astL

3 and thus is much
larger for long pulse lengths. Since the spot size correc
factor as increases withtL , the scaling of the correcte
dephasing length valueLd with tL is weakened slightly. The
uncorrected dephasing-limited energy gainWd0 is propor-
tional to tL . The scaling forWd is modified slightly by the
relativistic and finite spot size corrections, which genera
cause a somewhat weaker dependence than the simpleWd0
;tL scaling. For long pulses, the dephasing length exce
100 cm, so the practical limit on single stage energy is
fectively determined by the accelerating gradient.

2. Scaling with laser power P0

The accelerating electric fieldEm and dephasing-limited
energy gainWd are linear in beam powerP0 , while a0

;P0
1/2. The on-axis density, matched spot size, and deph

ing length are independent of beam power.
Figure 6 plotsEm , Wd , anda0 versusP0 for a represen-

tative short-pulse Ti:sapphire LWFA withtL5100 fs, l
50.8mm, a r50.5, r ch550mm, andDn/n055. For these
parameters, the on-axis densityn053.1031017cm23, the
matched radiusr M520.7mm, and the dephasing lengthLd
59.1 cm. The dephasing-limited energy gain exceeds 1 G
for P0.15 TW. The accelerating gradient exceeds 10 GV
in this regime, anda0;1. Systems with a few terawatts o
laser power are limited to energy gains of a few hund

FIG. 5. LWFA performance quantitiesEm , Ld , andWd versus
tL for the case shown in Fig. 4.
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MeV. The dephasing length is somewhat longer than the
cm capillary channel length reported by Ehrlichet al. @25#
but does not appear to be unreasonable. The energy ga
longer channels would presumably be limited by dephas

Figure 7 plots the same quantities~Em , Wd , anda0! for a
longer pulse~400 fs! typical of glass laser chirped pulse am
plification ~CPA! systems. The experimental parameters
l51.0mm, a r50.5, r ch5100mm, andDn/n055. This re-
sults in on-axis densityn051.9431016cm23, matched ra-
dius r M558.4mm, and dephasing lengthLd5255 cm. The
dephasing-limited energy gain is significantly higher than
the previous case, but the long dephasing length is well
yond present channel generation capabilities. The accele
ing gradient is ‘‘modest,’’ withEm51.35 GV/m for a 20 TW
system. One reason for this is the lower value of the cha
teristic fieldE0 . SinceE0;n0

1/2;tL
21, this field is a factor of

4 lower than in the 100 fs case. The accelerating field
further reduced by the larger spot size, which reducesa0 .
The spot size effect causes the overall scaling ofEm with
pulse length@Eq. ~14!# to behave astL

22.

FIG. 6. Peak gradientEm , dephasing-limited energy gainWd ,
and normalized laser potentiala0 versus peak laser powerP0 for a
representative short pulse Ti:sapphire LWFA withtL5100 fs, l
50.8mm, a r50.5, r ch550mm, andDn/n055. For these param-
eters, the on-axis densityn053.1031017 cm23, the matched radius
r M520.7mm, and the dephasing lengthLd59.1 cm.

FIG. 7. Plots ofEm , Wd , and a0 for a longer pulse~400 fs!
LWFA. The experimental parameters arel51.0mm, a r50.5, r ch

5100mm, and Dn/n055. This results in on-axis densityn0

51.9431016 cm23, matched radiusr M558.4mm, and dephasing
lengthLd5255 cm.
2-7



ot
r-

t
fie
th

r
ct
-

o

m

er

se

ts
.
th
th

ub
lo

f

ga-

hing

p
ead

d
ting
il-
the

e
nd

R. F. HUBBARD et al. PHYSICAL REVIEW E 63 036502
3. Scaling with other primary parameters

The relative channel depthDn/n0 and channel radiusr ch
play a role in determining the matched radiusr M and thus
affecta0 , Em , andWd . The dependence ofr M anda0 on the
relative channel depth is weak, withr M;(Dn/n0)21/4 r ch

1/2

and a0;r M
21. The uncorrected electric fieldEm0 and

dephasing-limited energy gainWd0 both scale as (Dn/n0)1/2

r ch
21. The corrected quantitiesEm and Wd vary somewhat

more slowly with relative channel depth.
Performance scaling with the resonance ratioa r comes

primarily with its effect on the plasma density, withn0

;a r
2 from Eq. ~7!. Higher densities lead to smaller sp

sizes, withr M;a r
21/2. The scaling of the uncorrected pe

formance quantities is given in Eqs.~14!, ~15!, and~18!, with
Em0;a r

2 sinpar , Ld0;a r
23, and gd0;a r

21 sinpar . The
dependence on laser wavelength comes about through
a0;l scaling in Eq.~9! and theLd0;l22 scaling of the
dephasing length@Eq. ~15!#. This results in anEm0;l2 scal-
ing for the uncorrected accelerating gradient, and
dephasing-limited energy gain that is actually independen
laser wavelength. Again, the corrected values are modi
by the finite spot size correction to the slippage rate and
largea0

2 correction to the electric field.

IV. SIMULATION OF CHANNEL-GUIDED LWFA
PERFORMANCE

A. Standard LWFA simulation examples

In this section,LEM simulations of channel-guided lase
wakefield accelerators are presented. The pulse is inje
with initial Gaussian radiusr 0'r M and is allowed to propa
gate self-consistently in the channel.

The 400 fs scaling example shown in Fig. 7 is typical
present glass laser CPA systems. ALEM simulation was car-
ried out with P0519 TW, n051.9431016cm23, r ch
5140mm, r 0560mm, Dn/n0510, tL5400 fs, and l
51 mm. This choice of parameters corresponds to the no
nal optimum resonance ratio (a r50.5) for acceleration. Fig-
ure 8 shows examples of code results atz510.8 cm. The plot
of the instantaneous spot sizer L(z) in Fig. 8~a! shows al-
most no variation within the pulse, and the spot size is v
close to the matched value (r M558.4mm) given in Eq.~2!.
There is almost no group velocity slippage of the pul
which is to be expected sincez is much less thanLd
5255 cm from Eqs.~15! and ~16!. The axial electric field
Ez(r ,z) is shown in the surface plot of Fig. 8~b!. Maximum
acceleration occurs atr 50 and z52230, where the field
amplitude~designated byEms! is 0.95 GV/m. Acceleration
occurs forEz(r ,z),0. The analytical scaling model predic
a somewhat higher value (Em51.25 GV/m) for this case
For a fixed laser power and pulse length, the peak field in
simulations is relatively insensitive to modest changes in
on-axis density, provided thatDn ~and thusr M! is held con-
stant.

A modest reduction in the pulse length may lead to s
stantially higher accelerating gradients. The example be
hastL5167 fs, P0510 TW, n05231017cm23, Dn/n055,
03650
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r ch5100mm, and r 0530mm. Figure 9 shows contours o
laser intensityI (r ,z)/I 0 or, equivalently,a2(r ,z)/a0

2 at two
different propagation distances. The contour levels are lo
rithmic between 0.001 and 1. Atz51.5 cm @Fig. 9~a!#, the
contours show little distortion. However, atz57.5 cm @Fig.
9~b!#, the tail of the pulse (z'2100mm) exhibits signifi-
cant expansion and distortion, and there is a modest pinc
of the pulse atz5260mm. The distortion in the tail is due
to the finite pulse length effects discussed in Refs.@28#, @50–
53#, while the pinching is due to relativistic focusing. Grou
velocity slippage of the pulse is also apparent, with the h
of the pulse having moved approximately 10mm in the
speed of light coordinate system in propagating 7.5 cm.

Surface plots of the electric field atz51.5 and 7.5 cm are
shown in Fig. 10. The simulation exhibits a well-define
wakefield suitable for acceleration. The peak accelera
gradientEms55.5 GV/cm averaged over an envelope osc
lation cycle. Based on the slippage rate in the simulation,
quarter-cycle dephasing lengthLds513.4 cm. The energy

FIG. 8. Simulation results for a long pulse LFWA withP0

519 TW, n051.9431016 cm23, r ch5140mm, r 0560mm,
Dn/n0510, tL5400 fs, andl51 mm. The instantaneous spot siz
r L(z) atz510.8 cm shows almost no variation within the pulse, a
the spot size is very close to the matched value (r M558.4mm)
given in Eq.~2!. The axial electric fieldEz(r ,z) is shown in the
surface plot of~b!. Maximum acceleration occurs atr 50 andz5
2230mm, where the field amplitude~designated byEms! is 0.95
GV/m.
2-8
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gain over this distance is predicted to beWds
5(2/p)EmsLds50.45 GeV.

When the simulation above is repeated with the pu
length reduced to 100 fs (a r50.4), the wavelength reduce
to 0.8 mm, and the power increased to 25 TW, there is
significant improvement in the performance quantities. T
peak axial electric fieldEms averaged over an envelope o
cillation is now 10.2 GV/m, the simulation dephasing leng
Lds520.9 cm, and the dephasing-limited energyWds
51.36 GeV. The analytical model values for these perf
mance quantities areEm510.2 GV/m, Ld521.4 cm, and
Wd51.40 GeV, so the agreement is excellent.

B. Channel-guided self-modulated laser wakefield accelerator

For a laser with a fixed pulse lengthtL the resonance
condition in the standard LFWA requires that the on-a
densityn0 satisfy Eq.~7! with the resonance ratioa r;0.5.
Most high power short pulse lasers have pulse lengths
ceeding 200 fs. The corresponding resonant densities are
than 1017cm23. Current methods for plasma channel gene
tion do not extrapolate well to this lower density regime.
addition, the accelerating gradients in this lower density
gime are much lower than those already achieved in hig
density plasmas@1–6#. The successful high density LWFA
experiments have been in the self-modulated regime@1–6#.

FIG. 9. Contours of laser intensityI (r ,z)/I 0 or, equivalently,
a2(r ,z)/a0

2 at two different propagation distances~z51.5 and 7.5
cm!. The LWFA simulation parameters aretL5167 fs, P0

510 TW, n05231017 cm23, Dn/n055, r ch5100mm, and r 0

530mm. The contour levels are logarithmic between 0.001 and
03650
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In this regime, the laser powerP0 exceeds the critical powe
Pr(GW)517.4lp

2/l2 for relativistic self-focusing, and the
pulse is self-guided over many Rayleigh lengths. Howev
self-guided SM-LWFA experiments and simulations exhi
highly nonlinear behavior and generally produce poor qua
beams with large energy spreads and large shot-to-shot v
tions @2,4–6,12,38#.

In this section the possibility of a channel-guided SM
LFWA is investigated. If a laser pulse withP0,Pr is in-
jected into a channel whose density is much larger than
resonant value, several plasma wavelengths will fit with
the pulse, and the pulse is likely to self-modulate. The d
sity channel provides the guiding in this case. Krall and
gler @46# carried outLEM simulations of a channel-guide
SM-LWFA but at much lower laser powers than those co
sidered in this section.

The 400 fs long resonant LWFA simulation shown in Fi
8 was carried out with a low densityn051.9431016cm23.
Figures 11 and 12 are taken from a simulation with simi
laser parameters but much higher plasma density. HereP0
513 TW, n05831017cm23, r ch5150mm, r 0540mm,
Dn/n051, tL5400 fs, andl51 mm. The critical power
Pr524 TW at this density, soP0 /Pr'0.5. The resonant ra
tio a r53.6, so the beam is likely to self-modulate at t
plasma wavelengthlp .

.
FIG. 10. Surface plot of the axial electric fieldEz(r ,z) for the

simulation shown in Fig. 9.
2-9
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Figure 11 plots the normalized intensitya2(r ,z) at z
53.6 cm. The pulse exhibits self-modulation in the seco
half of the pulse. A surface plot of the accelerating fieldEz at
the same location is shown in Fig. 12. The peak accelera
field is ;35 GV/m and occurs atz52230mm. The same
laser pulse propagating in a channel at the resonant de
a r50.5 or n05231016cm23 would have produced an ac
celerating gradient of less than 1 GV/m. A similar simulati
of the same laser pulse injected into a uniform plasma~n0
5831017cm23, Dn/n050! produced the expected expa
sion of the pulse spot size due to diffraction, and wakefi
amplitudes decreased rapidly as the pulse propagated.

Similar effects may be produced at lower laser power
the plasma density is raised. Figures 13 and 14 are ta
from a simulation with P051.4 TW, n05531018cm23,
r ch5150mm, r 0520mm, Dn/n050.6, tL5400 fs, andl
51 mm. For this simulation,Pr53.5 TW anda r59. The
injected radiusr 0 is substantially lower than the matche
radiusr M530mm, so the envelope oscillations in the las
spot size will be substantial.

FIG. 11. Normalized intensitya2(r ,z) at z53.6 cm from a
simulation of a channel-guided, self-modulated LWFA. HereP0

513 TW, n05831017 cm23, r ch5150mm, r 0540mm, Dn/n0

51, tL5400 fs, and l51 mm. The simulation exhibits self-
modulation in the second half of the pulse.

FIG. 12. Accelerating fieldEz(r ,z) at the same location from
the simulation shown in Fig. 11. The peak accelerating field is;35
GV/m and occurs atz52230mm.
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Figure 13 plotsa2(r ,z) at z51.8 cm; this position is nea
the exit of the 2 cm long capillary. The back of the pul
again exhibits self-modulation. The corresponding axial el
tric field Ez(r ,z) is shown in Fig. 14. The peak acceleratin
gradient approaches 60 GV/m, and again the wakefield
cillations are regular and well defined. Although these fie
are sufficient to produce substantial energy gain, it is lik
that external injection of electrons would be required. T
simulation parameters are similar to those produced in so
of the high laser power shots reported by Kaganovichet al.
@27#. The simulation results suggest that self-modulation o
guided laser pulse and large amplitude wakefields were p
ably produced in those experiments.

The channel-guided SM-LWFA has a number of attra
tive features. The channels are substantially easier to prod
than those required for a resonant LWFA. Both the capilla
discharge and axicon focus methods have been demonst
experimentally at relatively high densitie

FIG. 13. Normalized intensitya2(r ,z) at z51.8 cm from a
channel-guided SM-LWFA simulation with lower power and high
plasma density. Simulation parameters areP051.4 TW, n055
31018 cm23, r ch5150mm, r 0520mm, Dn/n050.6, tL5400 fs,
and l51 mm. The back of the pulse again exhibits se
modulation.

FIG. 14. Axial electric fieldEz(r ,z) from the simulation shown
in Fig. 13. The peak accelerating gradient approaches 60 GV
and the wakefield oscillations are regular and well defined.
2-10
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(1018– 1019cm23). The larger on-axis density also reduc
the need for largeDn/n0 . ~The simulations in Figs. 11–14
hadDn/n0;1.! Because the plasma density is higher than
the resonant LWFA, accelerating gradients can also be
stantially higher. It is expected that the channel guiding w
result in cleaner wakefields and better beam quality than
the self-guided SM-LWFA experiments. However, since
self-modulation is still an inherently unstable process, t
technique will probably produce poorer beam quality tha
resonant LWFA. In addition, dephasing limitations are like
to play an important role because of the relatively hi
plasma density.

V. SUMMARY

The laser wakefield accelerator has emerged as a lea
candidate for plasma-based, high gradient accelerators.
single stage energy gain can be enhanced substantia
some form of optical guiding of the laser pulse is provide
If the index of refractionh(r ) of the propagation medium i
peaked on axis, the pulse may propagate at a small spot
over many Rayleigh lengths. A preformed plasma chan
in which the plasma density has an on-axis minimum, m
provide the desired guiding effect, and channels generate
a capillary discharge, such as those described in Sec. II, h
been used to guide tightly focused laser pulses over dista
of several centimeters. Channel-guiding simulations us
the 2D axisymmetric codeLEM are consistent with both th
theory and experiments.

The conventional or resonant LWFA regime, wherectL
,lp , offers the possibility of stable laser propagation a
substantial electron acceleration but requires that some e
nal form of optical guiding be provided. An analytical mod
is presented in Sec. III that predicts the performance o
channel-guided resonant LWFA in terms of primary las
and channel experimental parameters. The performanc
quantified in terms of the peak accelerating gradientEm , the
dephasing lengthLd , and the dephasing-limited energy ga
Wd . The matched laser spot sizer M , plasma wavelength
lp , and laser strength parametera0 are also expressed i
terms of these primary parameters. The scaling laws pro
a useful guide for future experiments and clearly illustr
some of the tradeoffs involved in choosing laser and chan
parameters. For example, at very short pulse lengths,
plasma density is high, making it easier to generate the ch
nel and confine the laser pulse to a small matched spot
Although Em can be very large,Wd is severely limited by
dephasing. Longer pulse length lasers tend to have m
lower accelerating gradients, in part becauser M is larger,
thus reducing the laser intensity. However, the dephas
limited energy gain is much larger.

Simulations of channel-guided resonant LWFAs genera
agree well with the scaling model predictions. If the chan
parameters are independent ofz and the injection radius o
the beam is close tor M , the beam will propagate at a near
constant spot size over long distances. Slippage of
plasma wake, which leads to dephasing, can be meas
directly in the simulations, and agrees with the analyti
predictions. As an example, a simulation withtL5100 fs,
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l50.8mm, P0525 TW, and appropriate channel param
eters gave a predicted dephasing-limited energy gainWd
51.36 GeV, and excellent agreement with the scal
model.

Because of the experimental difficulties in producing la
and channel conditions necessary for a GeV-class reso
LWFA, the possibility of achannel-guidedself-modulated
LWFA was investigated.Self-guidedSM-LWFA experi-
ments have produced very high accelerating gradients bu
highly unstable. If the same laser pulse is injected into
plasma channel at a somewhat lower plasma density, so
P0,Pr , the pulse may still self-modulate providedctL /lp
@1. The density channel provides the guiding in this ca
Simulations in this regime produce a pulse that is w
guided and eventually self-modulates. Accelerating gradie
exceeding 10 GV/m may be produced.

The channel-guided SM-LWFA appears to be an intere
ing approach for near term experiments since the laser
channel requirements are less stressing than for a con
tional LWFA, and the regime is likely to be less unstab
than the self-guided SM-LWFA. In fact, simulations of th
recent capillary discharge guiding experiment reported
Kaganovichet al. @27# suggest that self-modulation and larg
axial electric fields may have been produced in that exp
ment. However, the conventional LWFA remains the m
appealing choice for a practical accelerator. Simulations
dicate that long range propagation with little pulse distorti
and nearly constant laser spot size and wakefield structu
possible over a wide range of parameters. The dephas
limited energy gain can exceed 1 GeV over reasonable
celeration distances.
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APPENDIX

Simulations of laser guiding in plasma channels ha
been carried out using theLEM code described by Sprangl
et al. @13# and by Krallet al. @12#. LEM is a two-dimensional
axisymmetric simulation that calculates laser fields a
plasma response in a frame moving with the pulse at
speed of light. The independent variables in the simulat
are r, z5z2ct, and t5t. The laser-plasma interaction i
described by the normalized potentialsf and a, where f
5eF/mc2, a5eA/mc2, and F and A are the scalar and
vector potentials. The model takes advantage of the sep
tion in temporal and spatial scales for the fast laser osc
tions (v21,l), the plasma response (vp

21,lp), and the laser
envelope (ZR /c,ZR). Laser pulse evolution is described by
wave equation forâf , the slowly varying amplitude of the
normalized vector potential of the pulse. The fast time sc
potential af5âf exp(ik0z)/21c.c., where c.c. denotes th
complex conjugate, andk052p/l.
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The plasma is assumed to be a cold electron fluid w
immobile ions, and relativistic corrections to the electr
motion in the laser quiver field are explicitly retained. T
quasistatic approximation is assumed, so the equations
scribing the plasma response neglect derivatives int and
involve only r andz. In addition, both the laser spot sizer L
and plasma wavelengthlp are assumed to be much larg
than the laser wavelengthl. As described in the Appendix o
Ref. @12#, it is possible to reduce the plasma response t
single equation of the form]2c/]z25G(c,uâf u2), where the
normalized wake potentialc5f2az , and G is a compli-
cated function of the normalized potentials. TheWAKE code
developed by Mora and Antonsen@41,42# uses a similar ap-
proach toLEM and also employs the quasistatic approxim
tion. WAKE also has an option to treat the plasma respo
with a kinetic model instead of a cold fluid model.

The simulation outputs laser and plasma quantities
fixed intervals oft. It is convenient to use the laborator
.
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coordinatez in place of ct in describing output from the
simulation since the characteristic time (;ZR /c) for
changes in the laser pulse is usually much less than the p
durationtL . Sinceâf(r ,z,t) is calculated self-consistently
the pulse shape need not remain Gaussian, and the spo
r L is not unambiguously defined.LEM definesr L as the
radius containing 84% of the beam power for a given be
slice; this reduces to the Gaussian radius defined in Eq.~2! if
the profile remains Gaussian. The simulation also calcula
a single characteristic spot sizer L(z). This quantity is cal-
culated at a reference pointz* (z) which moves at the nomi-
nal group velocitybg0c5(12l2/2lp

2)c of the pulse. In the
simulation coordinate system,dz* /dz512bg0 . Group ve-
locity slippage of the pulse imposes a major limitation
laser wakefield acceleration@4,7,34,39,44,45#. The actual
slippage rate in simulation is usually somewhat faster th
the nominal rate due to a finite spot size correcti
@34,45,50–53#.
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